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Abstract 



Let k be a commutative ring and A a commutative fc-algebra. Given 
a positive integer m, or m — oo, we say that a fc-linear derivation S of 
A is m-integrable if it extends up to a Hasse-Schmidt derivation D — 
(Id, Di = 8,D2,...,D m ) of A over k of length m. This condition is 
automatically satisfied for any m under one of the following orthogonal 
hypotheses: (1) k contains the rational numbers and A is arbitrary, since 
we can take Di = (2) k is arbitrary and A is a smooth fc-algebra. 
The set of m-integrable derivations of A over k is an A-module which 
will be denoted by Ider^A; m). In this paper we prove that, if A is a 
finitely presented fc-algebra and m is a positive integer, then a fc-linear 
derivation S of A is m-integrable if and only if the induced derivation 
<5 P : A p — > A p is m-integrable for each prime ideal p C A. In particu- 
lar, for any locally finitely presented morphism of schemes / : X — > S 
and any positive integer m, the S-derivations of X which are locally m- 
integrable form a quasi-coherent submodule Iders(Qx;rn) C Ders(Ox) 
such that, for any affine open sets U = Spec A C X and V = Specfc C 
S, with f(U) C V, we have T(U, Ider s (Ox;m)) = Ider fe (A;m) and 
Iders{Ox;m) p — Ider 0s /(p) {0x, P ; m) for each p £ X. We also give, 
for each positive integer m, an algorithm to decide whether all derivations 
are m-integrable or not. 
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Introduction 

Let us start by recalling the algebraic interpretation of the integration of a vector 
field. Let X be a complex algebraic variety and x an algebraic vector field on X, 
or, equivalently, a C-derivation 8 : Ox —> Ox of the sheaf of regular functions. 
Let us denote by X[t] = Aj. x X, C[e] = C[t]/(t 2 ), X[e] = SpecC[e] x X and 
S : X[e] — > X the map of schemes determined by (and determining) 6: any 
section / of Ox is mapped to the section / + 5(f)e of Ox[e]. 

If X is nonsingular, we can consider the flow : U — > X an associated with 
X an , where U C X[t] an = C x X an is an open neighbourhood of X = {0} x X an . 
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It turns out that for any holomorphic (or algebraic) function / on an open set 
V C A an , the function Q*(f) = foG is given by 

(t, P ) e e- x (y) ccxr ^X^^pte) e c 

i=0 ' 

for |t| small enough. Hence, the formal completion of 6 along X, Q : U = 
X[t] an — > A an , comes from the purely (formal) algebraic map X[t] — > X as- 
sociated with the exponential map e tS : Ox —> ®x[[t]] attached to \ (or to 8) 
defined as 

for any regular function / on some Zariski open set of X. 

The exponential map e is a lifting of S (it coincides with 6 mod t 2 ) and 
it can be regarded as the algebraic incarnation of the integration of the vector 
field x- 

The exponential map of a vector field makes sense not only over the complex 
numbers, but over any field of characteristic zero, and in fact it also works if X 
is eventually singular. However, it does not make sense over a field fc of positive 
characteristic. 

Nevertheless, the notion of Hasse-Schmidt derivation allows us to define 
what integrability means for a vector field in such a case (see [TJ H]). Given a 
commutative ring k and a commutative fc-algebra A, a Hasse-Schmidt derivation 
of A over k (of length oo) is a sequence D = (Id, D\, D2, -D3, . . . ) of fc-linear 
operators of A which appear as the coefficients of a fc-algebra map $ : A — > A[[t]] 
such that $(a) = a mod t for all a £ A: $(a) = a + D 1 (a)t + D 2 {a)t 2 + ■ ■ ■ . 
That property is equivalent to the fact that the Di satisfy the Leibniz equality: 

A)=Id, Di(ab) = D r {a)D s {b) Va,beA,Vi>l. 

r+s—i 

A A:-linear derivation S : A —> A is said to be (oo-)integrable if there is a Hasse- 
Schmidt derivation D of A over k (of length 00) such that D\ = S, or in other 
words, if the /c-algebra map 6 : a £ A n- a + 5(a)e £ A[e] = A[[t]}/(t 2 ) can be 
lifted up to a fc-algebra map $ : A — > A [[£]]. The set of fc-linear derivations of A 
which arc intcgrable is a submodule of Deik(A), which is denoted by Ideik(A). 

When A is a smooth fc-algebra over an arbitrary commutative ring fc or 
when fc contains the rational numbers, any fc-linear derivation 6 : A — > A is 
(oo-)integrable. The modules Ideik(A), and more generally, the Hasse-Schmidt 
derivations of A over fc seem to play an important role among the differential 
structures in Commutative Algebra and Algebraic Geometry (see [T7], |12|). 
They behave better in positive characteristic than Deik(A) (see for instance 
[TT] or [T3]) and one expects that they can help to understand (some of) the 
differences between singularities in zero and non-zero characteristics, but they 
are difficult to deal with. For instance, it is not clear at all that (oo-)integrability 
is a local property (in the sense that can be tested locally at the primes ideals 
of A). 
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For a given positive integer m, the m-intcgrability of a fc-linear derivation 
5 : A — > A is defined as the existence of a fc-algebra map $ : A — > A[[t]]/(t m+1 ) 
lifting the map S defined above. The set of fc-linear derivations of A which 
are m-integrable is a submodule of Deik{A), which is denoted by lderk(A;m). 
One obviously has Der fc (A) = Idcr fc (A; 1) D lder k (A; 2) D ldei k (A; 3) D ■ ■ ■ D 
Iderfe(A;oo) = Ideik(A). 

This paper is devoted to the study of the modules ldeik(A; m), for m > 1. 

One of the main difficulties when dealing with m-integrability of a derivation 
is that one cannot proceed step by step: a derivation 8 can be (m-t-r)-integrable, 
but it may have an intermediate m-integral D = (Id, D\ = 5, Z?2, • ■ • , D m ) which 
does not extends up to a Hasse-Schmidt derivation of length (n+r) (cf. Example 
3.7 in [H]). 

Our main results are the following: 

(I) If A is a finitely presented fc-algebra and m is a positive integer, then the 
property of being m-integrable for a fc-derivation S of A is a local property, 
i.e. S is m-integrable if and only if the induced derivation <5 p : A p — > A p 
is m-integrable for each prime ideal p C A. As a consequence, for any lo- 
cally finitely presented morphism of schemes / : X — > S and any positive 
integer m, the S'-derivations of X which are locally m-integrable form a quasi- 
coherent submodule IdersiOx',™*) C Ders(Qx) such that, for any affine open 
sets U = Spec A C X and V = Specfc C S, with f(U) C V, we have 
T(U,Ider s {O x ;m)) = Ider fc ( A;m) an d Iders{Qx;r n) p = Id er 0s /(p) (0x, P ; m) 



for each p S X (see Theorem (2.3.6) and Corollary (2.3.7) I. We have then a 



decreasing sequence of quasi-coherent modules 

Der s (Ox) = Ider s {Qx\ 1) 3 Ider s (0 x ;2) D Ider s (O x ; 3) D ■ ■ ■ 

and all the quotients Ders(Ox ) / Iders(Ox ', m) are supported by the non-smooth- 
ness locus of / : X S. 

(II) For a given fc-algebra A and for any positive integer m, there is a constructive 
procedure to see whether all fc-derivations of A are m-integrable or not. In 
particular, if A and fc are "computable" rings, then the above procedure becomes 
an effective algorithm (although of exponential complexity with respect to m) 
to decide whether the equality Iderfc( J 4; m) = Deik(A) is true or not fsee I2.5|) . 

Let us now comment on the content of this paper. 

In section 1 we review the notion of Hasse-Schmidt derivation and its basic 
properties. We study logarithmic Hasse-Schmidt derivations with respect to an 
ideal I of some ambient algebra A and their relationship with Hasse-Schmidt 
derivations of the quotient A/ 1. In the last part we focus on the description of 
Hasse-Schmidt derivations on polynomial or power series algebras. 

Section 2 contains the main results of this paper. First, we define m- 
integrability and logarithmic m-integrability and give a characterization of (m + 
l)-integrability for a Hasse-Schmidt derivation of length m. In section l2~2l we 
give some criteria for a derivation to be integrable, based on and extending pre- 
vious results of [5] and [TS]. Next, we study the behaviour of m-integrability 
under localization, for finite m, and prove (I) above. In the last part we prove 
the results needed to justify procedure (II) above. 
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In Section 3 we first compute some concrete examples and illustrate the 
nonlinear equations one encounters when computing systems of generators of 
the modules Ider/ C (A; m). In the second part we state some questions, which 
seem to be important for understanding the relationship between the modules 
of m-integrable derivations and singularities. 

I would like to thank Herwig Hauser and Orlando Villamayor for many 
helpful and inspiring discussions, and also Herwig Hauser for proposing the 
last two examples in section 3. I would also like to thank Herwig Hauser and 
Eleonore Faber for some comments and suggestions on a previous version of this 
paper. 

1 Notations and preliminaries 

1.1 Notations 

Throughout the paper we will use the following notations: 

-) k will be a commutative ring and A a commutative fc-algebra. 

-) N+ := {n G N | n > 1}, N := N U {oo}, N+ := N+ U {oo}. 

-) If n S N+, [n] := {0, 1, ... , n}, [n]+ := [n] n N+ and [oo] := N. 

-) If n G N+, An := A[[t])/(t n+1 ) and A^ = A[[t}}. Each A n is an augmented 

A-algebra, the augmentation ideal ker(A n —> A) being generated by t. 

-) For n G and m G + , let us denote by 7r„ m : A n — s- A m the natural 
epimorphism of augmented A-algebras. 

-) If a = (ax, . . . , ay) G N d , suppa = {r G {1, . . . , d} \ a r ^ 0} and \a\ := 
a\ H + a d . 

-) The ring of fc-linear differential operators of A will be denoted by DiS^/ k (see 
0). 

-) For A — k[x\, . . . , Xd] or A — . . . , Xd}}, we will denote by d r : A — » A 

the partial derivative with respect to x r . 

1.2 Hasse-Schmidt derivations 

In this section we remind the definition and basic facts of Hasse-Schmidt deriva- 
tions (see [5]. [ID]. §27, and Q3], [IT], [H] for more recent references). We also 
introduce the basic constructions that will be used throughout the paper. 

(1.2.1) Definition. A Hasse-Schmidt derivation of A (overk) of length n > 1 
(resp. of length oo) is a sequence D = (Dj) ig r n ] of k -linear maps Di : A — > A, 
satisfying the conditions: 

D = li A , Di(xy) = ^ D r (x)D s (y) 

r+s=i 

for all x,y G A and for all i G [n]. We denote by HS^ (A; n) the set of all Hasse- 
Schmidt derivations of A (over k) of length n G N and HSfc(-A) = HSfc(A;oo). 

(1.2.2) The D\ component of any Hasse-Schmidt derivation D G HSfc(^4;n) is 
a fc-derivation of A. More generally, the Di component is a fc-linear differential 
operator of order < i with Di(l) = for i = 1, . . . , n. 
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(1.2.3) Any Hassc-Schmidt derivation D £ HSfc(A;n) is determined by the 
fc-algebra homomorphism : A — > A n denned by $n(a) = X)"=o-^ i ( a )^ anc ^ 
satisfying <&d(o) = a mod t. The fc-algebra homomorphism $d can be uniquely 
extended to a fc-algebra automorphism $d : A n — > A„ with $£>(£) = t: 

(n \ n 

So, there is a bijection between HSfc(A;n) and the subgroup of Autfc_ a i g (A„) 
consisting of the automorphisms $ satisfying $(a) = a mod t for all a e A and 
= t. In particular, HSk(A;n) inherits a canonical group structure which 
is explicitly given by DoD' = D" with D" — D% °D'j, the identity 

element of KSk(A; n) being (Id^, 0,0,...). It is clear that the map (IcIa,Di) € 
HS / t( J 4; 1) 4 Hi £ Derfc(A) is an isomorphism of groups, where we consider the 
addition as internal operation in Dcrfc(A). 

(1.2.4) For any a £ A and any D £ KSk(A;n), the sequence a»D defined by 
(auD)i = tfDi, i £ [n], is again a Hasse-Schmidt derivation of A over fc of length 
n and $ a .D(b)(t) = $ D (b)(at) for all b £ A. We have (aa')»D = a»(a'»D), 
luD = D and 0»D = the identity element. 

(1.2.5) For 1 < m < n £ N, let us denote by r„ m : HS fc (A; n) HS fc (A; to) the 
truncation map defined in the obvious way. One has <& Tnm D — K nm o Trun- 
cation maps are group homomorphisms and they satisfy T nm (a»D) = a»T nm D. 
It is clear that the group HSfc(A; oo) is the inverse limit of the groups HSfc(A; to), 
to £ N. 

(1.2.6) Definition. Let q > 1 be an integer or q = oo, and D £ HSk(A;q). 
For each integer m > 1 we define D[m] as the Hasse-Schmidt derivation (over 
k) of length mq determined by the k-algebra map obtained by composing the 
following maps: 

A — ^ A q = A[[t]]/(ti +1 ) ^> A mq = A[[t]]/(t m « +1 ). 

In the case q = 1 and D = (Idyi, S), we simply denote S[m] :— D[m]. 
It D = (Id A , D U D 2 , ...)£ HS fe (A; q), then 

m 2m 

D[m] = (Id J i,0,...,0,K',0,...,0,K,0,...) £ RS k (A;mq). 

The map D £ HSk(A; q) H> D[m] £ RSk(A; qm) is a group homomorphism and 
we have {a m • D)[m] = a • D[m], (T qq >D)[m\ — T qm ^ m (D[m]) for a £ A, 1 < 

q'<q- 

(1.2.7) Definition. For each n £ N+ and each E £ RSk(A;n), we denote 
1(E) — if Ei ^ 0, £(E) = n if E is the identity and 1(E) = maximun of the 
r £ [n] such that E\ = ■ ■ ■ = E r = otherwise. 

(1.2.8) Definition. Let I £\ A be an ideal and to £ N+. We say that: 

1) A k-derivation 5 : A — > A is /-logarithmic if 8(1) C /. The set of k-linear 
derivations of A which are I -logarithmic is denoted by Der/ c (log/). 
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2) A Hasse-Schmidt derivation D G HSfc(A;m) is called /-logarithmic if 
Di(I) C / for any i 6 [to]. The set of Hasse-Schmidt derivations D G 
HSk(A;m) which are I -logarithmic is denoted by HSfc (log /; to) . When 
to = oo it will be simply denoted by HSfe(logJ). 



The set Derfc(logi) is obviously a A-submodule of Deik(A). Any 8 G 
Derfe(logl) gives rise to a unique S € Deik(A/ 1) satisfying Son = ttoS, where 
tt : A — > A/ 1 is the natural projection. Moreover, if A = k[xi, . . . ,Xd] or 
A = k[[x±, . . . , Xd}}, the sequence of A-modules 



-> /Der fc (A) 



incl. y-v /n T \ dV 

> Der fe (log/) — 



Der fe (A/J) ^ 



is exact. 

(1.2.9) In the same vein, the set HSfc(log/; to) is a subgroup of HSfc(A; to) and 
we have A* HS fc (log/;TO) c HS fc (log I; to), HS& (log /; to) [ra] C HS fc (log/; mri), 
n G N. A D e HSk(A;m) is /-logarithmic if and only if its corresponding k- 
algebra homomorphism $£> : A — > A m satisfies 3>d(I) C 7 m := ker7r m , where 
7r TO : A m — > (A/I) m is the natural projection^. Moreover, a /-logarithmic 
Hasse-Schmidt derivation D G HSfc(log /; to) gives rise to a unique D G HSfc(v4/Z; to) 
such that Di oix = u o Di for all i G [to] , and the following diagram is commuta- 
tive 



A' 



■Ar 



A/I- 



^(A/I) m . 

The map Ii m : D G HSfc(log /; to) ->fle HSfc(^4//;TO) is clearly a homomor- 
phism of groups and Tl rn (auD) = n(a)»IL m [D). So, its kernel contains the 
subgroup /• HSfc(A; to) generated by the a»E, with a G / and E G HSfc(A; to). 
It is also clear that T mn oIl m = H n oT mn and (n m D)[n] = n mn (£>[n]). 

(1.2.10) Let 5 C A be a multiplicative set. For each fc-linear differential opera- 
tor P : A — > A, let us denote by P : S _1 A — > S~ 1 A its canonical extension. We 
know that the map P G Diff^/j. t— > P G Diffs-14/fc is a ring homomorphism. 
Let to > 1 be an integer or to = 00 and o C A an ideal. Here is a summary of 
the basic facts of the behaviour of Hasse-Schmidt derivations under localization: 



-) For any D = (Di) G HSfc(A;m), the sequence D := (Di) is a Hasse-Schmidt 
derivation of S _1 A (over k of length to) and the following diagram is commu- 
tative 



A ■ 



A r , 



S~ l A- 



(S ^A) m . 



Moreover, if D is a- logarithmic, then D is (S 1 o)-logarithmic. 



1 Observe that ker7r m = IA m when / is finitely generated or m is finite. 
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-) The map m : D £ RSk{A;m) — > D £ HSk(S 1 A]m) is a group homomor- 
phism, Q m {a*D) = juQ m (D) and the following diagram is commutative: 



HS fe (loga;m) 
HS fc (A/a;m)- 



n m 



Moreover, r mn o6 TO = 9„or„ m and (Q m D)[n] = O mn (D[n]). 

The extension of Hasse-Schmidt derivations to rings of fractions is a partic- 
ular case of the formally etale extensions (cf. [5] and [15] . th. 1.5). 

1.3 Hasse— Schmidt derivations of polynomial or formal 
power series algebras 

Throughout this section we assume that A = k[x\, . . . , Xd] ot A = k[[x\, . . . , Xd]]- 
The Taylor differential operators : A — > A, a £ N d , are defined by: 

g{x x +T 1 ,...,x d + T d ) = J2 A(a) (9)T a , Vg e A. 

It is well known that {A^)}^^ is a basis of the left (resp. right) A-module of 
fc-linear differential operators of A of order < i. So, if D g HSfc(A; m), there are 
unique C*, £ A, a £ N d , < i < \a\ £ [m]+, such that A = £ <M<< C* AM, 
i £ + . On the other hand, there are unique c r ; £ A, i £ [™] + , 1 < T" < d, 
such that 

m 

$£>(x r ) = £ r + 22 c nt l i l<r<d. 

i=l 

In fact, any system of c r i £ A, i £ + , 1 < r < d, determines uniquely such 
a homomorphism of fc-algebras A — » A m and so a Hasse-Schmidt derivation 
£> £ HS fc (A;m). 

The following proposition gives the relationship between the C % a and the c r i 
above. Its proof does not contain any surprise and it is left up to the reader. 

(1.3.1) Proposition. With the above notations, the following properties hold: 



1) c r i = Di(x r ) = C* , with e r = (0, . . . , 1 , . 
l,...,d. 



,0), for all i £ [m]+, r 



2) 



CI = 



E 



{fr}r£supp u j 

E r >a r ,\e\=i \ 



n 

rEsupp a 



e n 



c r,/3 k 



Pi+-+P ar =e r k=l 
\ Pk>0 



for all a £ N d , \a\ £ [m] + , < i < \a\. 

The above proposition is a particular case of Theorem 2.8 in [3J. For the 
sake of completeness we include, without proof, the following result. 
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(1.3.2) Proposition. Let C n a G A, a G N d , < i < \a\ G [m]+, be a system 
of elements of A and define Do = Idyt, Di = 5Zo<|a|<i ^aA > * *= l m ]+- The 
following properties are equivalent: 



(a) The sequence D — (-Dj) ig r m ] is a Hasse-Schmidt derivation of A over k 
of length m . 

(b) For all i£ [m], i > 2, for all geN d with 2 < \g\ < i and for all f3, 7 G N d 
with g = P + 7, \/3\, I7I > we have C l g — ^""^ C^C 1 ^, where the summation 
indexes are the (j, I) with j > \/3\, I > \~f\ and j + I = i. 

Let us notice that, if the equivalent properties of the preceding proposition 
hold, then the C l a with 2 < \a\ < i are determined by the with 1 < \j3\ < j < 
i — 1. This applies in particular to the symbol of the D,-, a(Di) = X)| Q |=i 
which only depend on D\ (compare with Proposition 2.6 in |12|). 

(1.3.3) Definition. The Taylor Hasse-Schmidt derivations of A are the 

A« :=(Id A ,A^,A( s) ,A( s) ,...)eHS fc (A), 1 < s < d, 

s 

where Ay** = A' ' "' 1 '•••'°) for each i > 1. 

(1.3.4) Proposition. Assume that R = k[xi, ■ . ■ ,Xd], S C R is a multiplica- 
tive set and A = S~ 1 R or A = k[[x\, . . . , Xd]]- For any ideal I C A, the group 
homomorphisms H m : HSfc(log/;m) — > HSk(A/L]m), m £ N, (see (1.2.9)) are 
surjective. 

Proof. Let us prove the proposition in the case A = S~ 1 R, the case A = 
k[[xi, . . . , Xd]] being completely similar. Let us call a : R — > A, -k : A — > 
A/I,TT m : A m — > (A/I) m the canonical maps and let E E HSk(A/ I;m) be 
any Hasse-Schmidt derivation. Let a r i G A be elements such that 



$ E {n{o-{x r ))) = ir{o-(x r )) + n(a rl )f G (A/I) m , r = l,...,d, 

i£[m] 

and let \P : R —> A m be the fc-algebra map defined by 

&(x r ) = cr(x r ) + a ri t l G A m , r=l,...,d. 

Since ^(f) = cr{f) mod t for each / G R, we deduce that ^(s) is invertible for 
all s G S and the map ^ induces : A — > A m . It is clear that \P(a) = a mod t 
for each a € A and n m °^ = ^e°^- So, \1/ induces a /-logarithmic Hasse- 



Schmidt derivation D G HS fc (log/;m) such that U m (D) = E (see |(1.2.9) |. 
Q.E.D. 

(1.3.5) Proposition. Assume that R = k[x\, . . . , Xd], S C R is a multiplica- 
tive set and let a C R be a finitely generated ideal. For any (finite) integer 
m > 1, the map 

{s,D) eSx HS fe (loga;m) h+ -»Q m (D) G HS fe (log(5- 1 a); m) 

s 
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is surjective. 

PROOF. Let E G HSfc(log(5'" 1 a); m) be any (S*~ ^-logarithmic Hasse-Schmidt 
derivation. Since m is finite, there are ay € R, 1 < i = 1 < d, 1 < j < m and 
ueS such that 



(y) = y + (^) t + ■ ■ ■ + {^) t™ G (5-^)™, i = 1, . . . , d. 

Let us consider the fc-algebra map $° : R — > R m given by 

$°(a; l ) = + a a t + cra t2 t 2 H h cr m_1 a lm f™ G i? m , i = l,...,d 

and the corresponding Hasse-Schmidt derivation D° G HSfc(i?; to) with $° = 
$£)n. It is clear that (y) »-B = <d m (D°). Let /i, ...,/„ e a be a finite system 
of generators. Since O m (D°) is (5~ 1 a)-logarithmic, we deduce the existence of 
a t G 5 such that T§o°{fi) G A m o for all / = 1, ...,u. So, D := tuD° is 



a-logarithmic and E 1 = 



>O m (D). 



Q.E.D. 



Proposition (1.3.5) is false for m = oo, as shown for instance in example 1.4 



(1.3.6) Corollary. Assume that A is a finitely presented k-algebra and let 
T C A be a multiplicative set. Then, for any (finite) integer to > 1, the map 

(t,E) G T x HS fe (A;m) -•e m (E) G HSfe^" 1 ^ m) 

is surjective. 

Proof. We may assume that A = R/a with i? = k[x\, . . . ,Xd] and a c R 
a finitely generated ideal. Denote by it : R — > A the natural projection and 
S = ^(T). We have T~ X A = S^R/S^a. Let us look at the following 
commutative diagram 

S x HS fc (loga; m) ^ HS fc (log(5- 1 o); m) 

rxn„ n m 



T x RS k (A;m) 



■HS^T-U; m). 



The vertical arrows are surjective by Proposition (1.3.4) To conclude, we apply 
Proposition |(1. 3.5)[ Q.E.D. 



2 Integrability 

2.1 Integrable Hasse-Schmidt derivations 

In this subsection, A will be again an arbitrary /c-algebra. 

(2.1.1) Definition. (Cf. £0 We say that a k-derivation S : A -» A 
is ro-integrable ( over k ), with n G N, if there is a Hasse-Schmidt derivation 
D G HS/c(A;n) such that D\ — 8. A such D will be called a n-integral of 5. The 
set of n-integrable k-derivations of A is denoted by Ider^^; n). We simply say 
that 5 is integrable if it is oo-integrable and we denote IdeVk(A) = Iderfc(^4; oo). 
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More generally, we say that a H as se- Schmidt derivation D' £ HS/c(A;to) is n- 
integrable (over k), with m,n € N, n > to, if there is a H as se- Schmidt deriva- 
tion D G HSfc(A;n) such that r nm D = D'. A such D will be called a n-integral 
of D' . The set of n-integrable Hasse-Schmidt derivations of A over k of length 
to is denoted by IHSk{A; m; n). We simply say that D' is integrable if it is 
oo-integrable and we denote IHSfc(A;m) = IHSfc(A; m; oo). 

It is clear that the Ideik(A;n) are A-submodules of Deik(A), T)eik(A) = 
Ider fc (A; 1) D Ider fc (A; 2) D Ider fc (A; 3) D ■ ■ ■ and 

Ider fc (A)c f) Ider fc (A;n). (1) 

It is also clear that the IHSfe(A; m;n) are subgroups of lHSk(A;m), stable by 
the • operation, LHSfc(A; m) = LHSfc(A; to; to) D IHSk(A; m; m + 1) D • • • and 

IHS fe (A;TO) C f| IHS fe (A;m;n). (2) 

n>m 



(2.1.2) Example. (1) Let n > 1 be an integer. If n! is invertible in A, then 
any fc-derivation 8 of A is n-integrable: we can take D € HSfc(A; n) defined by 
Di = 4y for i = 0, . . . , n. In the case n — cxd, if Q C A, one proves in a similar 
way that any fc-derivation of A is integrable. 

(2) If A is 0-smooth (i.e. formally smooth for the discrete topologies) A-algebra, 
then any fc-derivation of A is integrable (cf. [TU], Theorem 27.1). 



(2.1.3) Remark. A particularly important case of example (2.1.2) is A 



k[xi, . . . , Xd] or A = fc[[xi, . . . , Xd]]- In this case we can do better than in 



example (2.1.2) and even exhibit a special integral for each D € HSk(A;m), 
to 6 N+. Namely, consider the Hasse-Schmidt derivation e(D) £ HSfc(j4) de- 
termined by the fc-algebra map A = k[x\, . . . ,Xd] — > A[[t]} sending each x r to 
Eie[m] D *( x r)t l £ A[[t]}. In other words, if e(D) = (£»0 ieN , then D\ = A for 
all i e [m] and D[{x r ) = for all i > to and all r = 1, . . . , d. It is clear that 
e(Id J 4,9 s ) coincides with the "Taylor Hasse-Schmidt derivation" A^ s ^ defined in 



(1-3-3) 



Definition (2.1.1) admits the following obvious logarihtmic version. 



(2.1.4) Definition. Let I C A be an ideal and n£E We say that: 

1) A I -logarithmic derivations e Derfc(logl) is /-logarithmically n- integrable 
if there is a D € HSfc(log/;n) such that D\ — S. A such D will be 
called a /-logarithmic n-integral of 5. The set of I -logarithmic k-linear 
derivations of A which are I -logarithmically n-integrable will be denoted 
by Iderfc(log/;n). When n — oo it will be simply denoted by Ider^ (log /) . 

2) A I -logarithmic Hasse-Schmidt derivation D' 6 HS/cQog/; to), with to < 
n, is /-logarithmically n-integrable if there is a D 6 HSfe(log/;n) such 
that T nm D = D' . A such D will be called a /-logarithmic n-integral of 
D' . The set of I -logarithmically n-integrable I -logarithmic Hasse-Schmidt 
derivations of A over k of length to will be denoted by IHSfe(log/; to; n). 
When n = oo it will be simply denoted by IHSfc(log/; to). 
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It is clear that the Iderfc(log /; n) are ^4-submodules of Der^log /) and Derfc(log 
Ider fe (logJ;l) Dlder fc (log/;2) D ••• 



Ider fe (log/)c f) Ider fe (log/;n). (3) 

It is also clear that the IHSfc (log I;m;n) are subgroups of IHSfc (log I;m), stable 
by the • operation, IHSfc (log/; to) = IHSfc (log J; to; to) d IHSfc (log/; to; to + 
1) D • • • and 

mS fc (log/;m) C f| IHSfc (log/; m; n). (4) 
The inclusions ([3]) and Q seem not to be equalities in general (see question 



(3.6.1) |. Nevertheless, we have the following proposition. 



(2.1.5) Proposition. The following properties hold: 

1 ) Let n > 1 be an integer. If any k-derivation of A is n-integrable, then 
any Hasse-Schmidt derivation D G HSfc(^4;TO,) is also n-integrable, for all 
to < n. 

2) If any k-derivation is n-integrable for all integers n > 1, then any Hasse- 
Schmidt derivation D G HSk(A;m) is also oo-integrable, for all integers 
to > 1. 

Proof. For 1) we can mimic the proof of Proposition 1.4 in [T^] by using 
Theorem 2.8 in [3] (see Remark 1.5 in [I2])- For 2), we apply 1) and we obtain 
a sequence E n G HSfc(A; n), n>m, with E m = D and T n+ltTl E n+1 = E n for all 



n > to. It is clear that the inverse limit of the E n (see (1.2.5) ) is a oo-integral 



ofD. Q.E.D. 

(2.1.6) Lemma. Assume that R = k[x\, . . . , X4], S C R is a multiplicative 
set and A = S~ 1 R or A = k[[xi, . . . , x<i]]- Let I C A be an ideal and n > 1 
an integer. Then, any Hasse-Schmidt derivation D in the kernel of the group 



homomorphism Tl n (see (1.2.9)) is I -logarithmically (oo-)integrable. 

Proof. Let us prove the proposition in the case A = S* -1 /?, the case A = 
k[[x±, . . . , Xd]] being completely similar. Denote by S r : A — > A the induced 
derivation by the partial derivative d r : R —> R. We proceed by decreasing 



induction on £(D) (see Definition (1.2.7) I. If 1(D) = n, then D is the identity 



and the result is clear. Let to be an integer with < to < n and suppose that 
any D 1 G kcrn„ with to + 1 < £(D') is /-logarithmically integrable, and let 
D G kcr H n with 1(D) = m, i.e. D has the form (LLa, 0, . . . , 0, D m+ i, . . . , D n ) 
with D m+ i 7^ 0, and so D m+ i must be a fc-derivation. Since D G kcrn„, we 
deduce that Di(A) c / for all i. In particular, there are a\, . . . , ad, € / such that 
D m +i = ^2 r —i a r 5 r . 

The /-logarithmic Hasse-Schmidt derivation E = (ai»A( 1 ))o ••• o(ad»A( d )) 
G kerHoo is an (oo-)integral of D m+ \. Let us consider D' = /?o(t 00 „£'[to + 
1]) _1 G kcrn„. It is clear that l(D') > m + 1 and, by induction hypothesis, 
D' is /-logarithmically integrable. We conclude that D = D' o (r^nElm + 1]) is 
also /-logarithmically integrable. Q.E.D. 
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(2.1.7) Remark . The proof of the above lemma shows that ker ±I„ is generated 
by the n-truncations of the (a»E)[m\, with a £ /, E £ HSfc(A), m £ [n]. In 
fact, for n = oo we obtain that kerlloo is the closure of subgroup of HSfe(logl) 
generated by the (a»E)[m], with a £ /, E £ HSfc(A) and to £ N+, where 
we consider in HSfe(A) the inverse limit topology of the discrete topologies in 



the HSfc(A;m), m £ N (see (1.2.5) I. Namely, for D £ kerrl,^, by the same 
procedure as in the proof of the lemma we construct inductively a sequence 
Ei = (a?«A«)o ••• o(a^»A( d )), q > 1, a s r £ I, such that £(L>o(F«)- 1 ) > q, 
where F« = o • • • oE x [l]. So Do(F q )~ x tends to the identity element as 
q — > oo and D is the limit oi F q as q — » ex). 

(2.1.8) Proposition. Assume that R = k[xi, . . . ,x d ], S C R is a multiplica- 
tive set and A = S~ 1 R or A = k[[x±, . . . , Xd}}- Let I c A be an ideal, m > 1 an 
integer, nfN with n > m and E G HSk(A/I] m). The following properties are 
equivalent: 

(a) E is n-integrable. 

(b) Any D £ HSfc(log /; m) with D = E is I -logarithmically n-integrable. 

(c) There is a D £ HS^ (log /; to) with D = E which is I -logarithmically n- 
integrable. 

Proof. The implication (b) (c) is an obvious consequence of Proposition 



(1.3.4) and (c) (a) comes from (1.2.9) For the remaining implication (a 



(b), let Z £ HSk(A/I; n) be an n-integral of E and let D £ HSfc(log/; to) be a 
logarithmic Hasse-Schmidt derivation with D = E. From Proposition (1.3. 4)| 



there is a U £ HSfe(log/; n) such that U = Z. Since T nm U — T nm U — T nm Z = 
E = D, we have Do^nmU)^ 1 £ kerll m and so, by Lemma (2.1.6) we deduce 



that D is /-logarithmically n-integrable. Q.E.D. 



(2.1.9) Corollary. Under the hypotheses of Proposition (2.1.8) the map 
il m : IHSfe(log /; to; n) — > IHSk(A/I;m;n) is surjective. 



(2.1.10) Corollary. Under the hypotheses of Proposition (2.1.8), the follow- 
ing properties are equivalent: 

(a) mS k (A/I;m;n) = H,S k (A/I;m). 

(b) IHS fe (log/;TO;n) = HS fc (log/; to). 

Proof. It is a straightforward consequence of the proposition. Q.E.D. 



(2.1.11) Example. (Normal crossings) Let us take / = Y\_ Xi e ^ = 

i=l 

k[xi, . . . ,Xd] and / = (/) C A. The A-module Ider^ (log 7) is generated by 

{xidi, . . .,x e d e ,d e+ x, ...,d d } 

and any of these /-logarithmic derivations are integrable /-logarithmically, since 
A(j\ Xi»A^ £ HSfc(logZ) for i = 1, . . . ,e and j = e + 1, . . . , n. In particular 
Ider fc (log /) = Der fe (log /) and Ider fe ( A/ 1) = Der fc (A/I). 
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(2.1.12) Proposition. Let A be an arbitrary k-algebra, I C A an ideal with 
generators fi, I € L, and n > 1 an integer. Let D £ HSfc(log/; n) be a I- 
logarithmic Hasse-Schmidt derivation and assume that D is (n + \)-integrable 
and let (Ha, Di, . . . , D n ,D n+ i) £ HSk{A: n + 1) be an (n + l)-integral of D. 
The following properties are equivalent: 

(a) D is 1 -logarithmically (n + l)-integrable. 

(b) There is a derivation 8 £ T)erk(A) such that D n+ \(fi) + 5(fi) £ / for all 
I £ L 



Proof. It comes from the fact that any other (n + l)-integral of D must be 
of the form (ld A , D l7 . . . , D n , D n+1 + S) with 6 £ Dcr k (A). Q.E.D. 

(2.1.13) Corollary. Assume that A — k[x\, ... ,x d ] or A = k[[xi, ... ,Xd]]- 
Let L = (/i, . . . , f p ) C A be an ideal and n > 1 an integer. Let D £ HSfe(log/; n) 
be a I -logarithmic Hasse-Schmidt derivation and let us consider its integral 



D' = e(D) (see remark (2.1.3)). The following properties are equivalent: 

(a) D is I -logarithmically (n + l)-integrable. 

(b) There are a r , a st G A, r = 1, . . . , d, s,t = 1, . . . ,p, such that 

D 'n+i(fs) = ai (fs)' xl -\ \-ctd(fs)' Xd +a s ifi-\ \-a sp f p Vs = 1,... ,p. 

Moreover, if (b) holds, an explicit I -logarithmic (n + l)-integral of D is given 
by (ld A ,Di, . . .,D n ,D' n+1 - S), with S = J2 r =i a rd r - 

(2.1.14) Remark. (1) In the case of a "computable" base ring k (for instance, 
any finitely generated extension of Z, Q or of any finite field) and a finitely pre- 



sented fc-algebra A, Proposition (2.1.8) and Corollary (2.1.13) give an effective 



way to decide whether a given Hasse-Schmidt derivation D € HSk(A;n) of fi- 
nite length n is (n + l)-integrable or not and, if yes, to compute an explicit 
(n + l)-integral of D. 

(2) Nevertheless, the question of deciding whether a given Hasse-Schmidt deriva- 
tion D £ HSk(A; n) of finite length n is (n + r)-integrable or not, with r > 2, 
is much more involved. First of all, we cannot proceed "step by step" , since D 
can be (n + r)-integrable and simultaneously admit an (n + l)-integral which is 
not (n + r)-integrable (cf. example 3.7 in [H]). On the other hand, the condi- 
tion of (n + r)-integrability of D, r > 2, gives rise to nonlinear equations which 
seem not obvious to treat in general with the currently available methods, either 
theoretical or computational (see for instance Lemmas (3.1.1) (3.3. 3)| (3.5.5) I. 



(3) The following example is a very particular case of a general result, but it 
also serves to illustrate the nonlinear nature of integrability and the difficulties 
that come from: Let A — k[xx, . . . , Xd], f £ A, L = (/) and S — X^ r =i a rd r any 
fc-derivation of A. The following properties are equivalent: 

(a) S is a /-logarithmic derivation and it is /-logarithmically 2-integrable. 

(b) Eti f>r £ I and £ |q|=2 AW (/) a" £ (fj^,. . 
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So, in order to compute a system of generators of the ^4-module Iderfc(log J; 2), 
we have to deal with nonlinear homogeneous equations of degree 2 (see examples 
in sections 13.11 13.3|) . 



2.2 Jacobians and integrability 

Let k be an arbitrary (commutative) ring and assume that R = k[x±, . . . , Xd] or 
R = k[[xx, ■ ■ ■ , Xd]]- Let I = (/i, . . . , /„) C R be a finitely generated ideal and 
A = R/I. For each e — 1, . . . , min{d, u} let J° be the ideal generated by all the 
e x e minors of the Jacobian matrix (dfj/dxi), and J e = (J,? + /)//. We have 
J\ D J2 D ■ ■ ■ . Let c be the maximum index e with J e 7^ (or equivalently 
with J° ^ I), in case it exists. The ideal J c only depends on the /c-algebra A 
and is called the Jacobian ideal of A over A; and denoted by J a/u- It is nothing 
else but the smallest non-zero Fitting ideal of the module of fc-differentials f^A/fc 
(see 0). 

(2.2.1) Proposition. Under the above hypotheses, any 6 G Der fe (log 7)n(J° + 
7)Derfc(i?) is I -logarithmically integrable. 

Proof. The proof follows the same lines that the proof of Theorem 11 
in [5]. Let us write J° = J°. Since IDeik(R) C Ider^ (log /) , we can as- 
sume that 5 = J2t=i c ndr with c T \ G J°. Let us consider D 1 — (ld.A,S) G 



HS fc (log/;l) and E 11 = e(L> 1 ) G HS fc (.R;oo) (see |(2.1.3)|). We have that E\ 



E| aM (nti<f) AW G (J°) 2 Diff fl/fc , and so ^(/j) € (J ) 2 for all j 



1, . . . , it. From Lemma (2.2.2) there is (c%2, ■ ■ . ,04,2) G R d , with c r 2 G J°, such 
that 

(C12, • ■ .,c d2 ) ((dfj/dxi)^) = {E\{h), . . .,El{f u )) mod I, 

i.e. E\{fj) — Er=i c r2{fj)x r e ^1 an d so we deduce that D 1 is /-logarithmically 
2-integrable, an /-logarithmic 2-integral being D 2 — (Id.A,S, Df) with Z) 2 = 



^2 - Er=i c ^ d r e J° DifF^/fc (see Corollary pTT3) | . 

Assume that we have found a D m = (FLa, 5, /?|, ■ ■ ■ , -D™) e HS fc (log/;m) 
with Z)| G J° DiS R / k , s = l,...,m, hence with c rs := D s s (x r ) G J°, r = 
1, . . . , d. Let us consider E rn = e{D rn ) G ES k (R; 00). From Proposition |(1.3.1)| 
2) we deduce that £™ +1 G (J ) 2 Diff A/fc and so E% +1 (fj) G (J ) 2 for all j = 
1, . . . , u. From Lemma (2.2.2)| there is (ci, m +i, . . . , Cd, m +i) G R d , with c r m+ i G 



J°, such that 

( Cl , m+1 , . . . , c d , m+1 ) {(dfi/dxi) id ) = (K„Vi(/i) ; ■ ■ • , *Wf!(/«)) mod /, 

i.e. — X/r=l c r,m+l (/j)x r e ^ and so we deduce again that D m is /- 

logarithmically m+l-integrable, an /-logarithmic (m+l)-integral being D m+1 = 
(ld A , 5, Dl . . DZ,DZ t\) with D™+\ = E™ +1 - £* =1 c r , n+1 d r G J° Diff fl/fe 
(see Corollary p.l,13)[ ). 



In that way, we construct inductively the D™, m > 2, such that (Ha, 5, D\, . . . 
HSfc(log/; 00) and so 6 is /-logarithmically integrable. Q.E.D. 

(2.2.2) Lemma. Let X = (X tJ ), i = 1, . . . , d, j = 1, . . . ,u, be variables, W — 
Z[X], a e C W the ideal generated by the ex e minors of X and t/ = W/a c +i- 
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Then, for each c x c minor /j o/X and for each j = 1, . . . , u, the system 



(ui,...,u d )X=(0,...,0, [i ,0,...,0) 

has a solution in U . 

Proof. We know that U is an integral domain (cf. 2 , Theorem (2.10) and 
Remark (2.12)). Denote by K its field of fractions and by ir : W — >• U the 
natural projection. The lemma is an easy consequence of the fact that the 
matrix tt(X) (g) K has rank c. Q.E.D. 



The following corollary of Proposition (2.2.1) generalizes Theorem 11 in [9], 



which was only stated and proved for k a perfect field. 
(2.2.3) Corollary. Under the above hypotheses, we have 

J A/k C anni (Der k (A)/ lder k (A)) . 



The proof of the following result is similar to the proof of Proposition (2.2.1) 

(2.2.4) Proposition. Let f e R, I = (f), and J° = (/£ , . . . , f' x ) the gradient 
ideal. If 5 : R — > R is a I -logarithmic k-derivation with 6 G J°Derk{R), then S 
admits a I -logarithmic integral D € HSfe(logJ) with Di(f) — for all i > 1. In 
particular, if 6(f) = 0, the integral D can be taken with $£>(/) = /• 

(2.2.5) We quote here Theorem 1.2 in [TS]: Let I C A = k[xi, . . . ,Xd] be an 
ideal generated by quasi-homogeneous polynomials with respect to the weights 
w(x r ) > 0. Then, the Euler vector field x = Er=o M, ( :Er )^ r ^ s ^-logarithmically 
(oo-)integrable. In fact, a /-logarithmic integral of \ is the Hasse-Schmidt 
derivation associated with the map A — > A[[t]] given by 



/ \w{x r) 

[— t ) , r = l,...,d. 



(2.2.6) Proposition. Let f e A = k[x\, . . . , Xd\ be a quasi-homogeneous 
polynomial with respect to the weights w(x r ) > and I = (/) C A. Assume 
that the weight of f is a unit in k and that all the partial derivatives of f are 
non-zero and form a regular sequence. Then Derfc(logJ) = Ider^ (log /) . 

Proof. From the hypotheses we deduce that the A-module Derfc(logi) is 
generated by the Euler vector field x an d t ne crossed derivations 9 rs — f' x d r — 



f'x^s, 1 < r < s < d. But x is /-logarithmically integrable by (2.2.5) and 9 rs is 



/-logarithmically integrable by Proposition (2.2.1) Q.E.D. 



2.3 Behaviour of integrability under localization 

Throughout this section, k will be an arbitrary commutative ring. 



The proof of the following proposition is clear from (1.2.10) 



(2.3.1) Proposition. Let A be a k-algebra, S C A a multiplicative set, a C A 
be an ideal, m > 1 an integer, n € N with n > m and D £ HSfe(log o; to). If D a- 
logarithmically n-integrable, then D G HSk(S~ 1 A;m) is (S~ x a) -logarithmically 
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m-integrable. In particular, the map m sends IHSfc(log o; m; n) to IHSfc(log(S' a); m; n) 

The two following propositions are straightforward consequences of Propo- 
sition 



(1.3.5) and Corollary (1.3.6) respectively. 



(2.3.2) Proposition. A ssume that A = k[x\, . . . , xd\ and let S C A be a 
multiplicative set and a — (fx, . . . , /„) C A be a finitely generated ideal. Then, 
for any integers m > q > 1, the map 



{s,F) eSx IHS fe (loga;g;m) h-> -»Q q (F) G IHSfcCtog^o); q; m) 
is surjective. 

(2.3.3) Proposition. Assume that A is a finitely presented k-algebra and let 
T C A be a multiplicative set. Then, for any integers m > q > 1 the map 

(t,G) G T x mS k (A;q;m) M- j«6 g (G) G fflS fe (T-U; q; m) 
is surjective. 



lary (2.1.9) 



Proposition (2.3.3) can be also obtained form Proposition (2.3.2) and Corol 



(2.3.4) Corollary. Assume that A = k[xx,...,Xd] and let S C A be a 
multiplicative set, a — (/i, • • • , /«) C A be a finitely generated ideal. Then, for 
any integer m > 1 the canonical map 

- G S^ 1 Iderfc(log o; m) -8 G Iderfc(log(5 _1 a); m) 
s s 

is an isomorphism of (S*" 1 A) -modules. 

Proof. The injectivity is a consequence of the fact that, under the above as- 
sumptions, the canonical map S~ x T)eik(A) — > T)eik{S~ 1 A) is an isomorphism. 
The surjectivity is given by Proposition (2.3.2) in the case q = 1. Q.E.D. 



(2.3.5) Corollary. Assume that A is a finitely presented k-algebra and let 
T C A be a multiplicative set. Then, for any integer m > 1 the canonical map 

T- 1 Ider fe (A; m) -> Ide^T^A; m) 

is an isomorphism of (T^ 1 A) -modules. 

Proof. The injectivity goes as in the proof of Corollary (2.3.4) The surjec- 
tivity is given by Proposition (2.3.3) in the case q=l. Q.E.D. 



(2.3.6) Theorem. Assume that A is a finitely presented k-algebra, m > 1 is 
an integer and let S £ Deik (A) . The following properties are equivalent: 

(a) 5 £ ldeTk(A; m). 

(b) 5p G Ider fc (A p ;m) for all p € Spec A. 

(c) S m € ldcik(A m ;m) for all m G SpecmaxA 
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Proof. The implication (a) => (b) is a consequence of Proposition (2.3.1) 
The implication (b) => (c) is obvious. For the remaining implication (c) =S 



(a), assume that property (c) holds. Then, by Corollary (2.3.5) for each m £ 
Specmax^4 there is a / m £ A — m and a ( m € Ideik(A;m) such that f m S m = 
(C m ) m , and so there is a g m £ A - m such that g m f m S = g m ( m . Since the ideal 
generated by the g m / m , m € SpecmaxA, must be the total ideal, we deduce the 
existence of a finite number of m.; £ SpecmaxA and fl; € A, 1 < i < n, such 
that 1 = aigi/i H h a n g n f n , with = / m % = g mi , and so 

n n 

i=i i=i 

is m-integrable. Q.E.D. 

(2.3.7) Corollary. Le£ / : X — >• S 1 fee a locally finitely presented mor- 
phism of schemes. For each integer n > 1 i/iere is a quasi- coherent sub-sheaf 
Iders(Ox',n) C Dersipx) such that, for any affine open sets U — Spec A C X 
andV = Spec C icitfi /(77) C 7, we have T(U, Ider s {0 X ;n)) = Ider k (A;n) 
and Iders{Ox',n) p — Idero s /(p) (Gx,pj ") / or eac ^ P £ X . Moreover, if S is lo- 
cally noetherian, then Iders(O x ;n) is a coherent sheaf. 

Proof. For each open set U C X, we define 

T(U,Ider s (O x ;n)) = {6 £ T(U, Der s (O x )) | S p £ Ider 0s /(p) (0 X , P ; n) Vp € £7}. 
The behaviour of Ider s (0 x n) on affine open sets and its quasi-coherence is a 



straightforward consequence of Theorem (2.3.6) Q.E.D. 



2.4 Testing the integrability of derivations 

In this section k will be an arbitrary commutative ring and A an arbitrary 
fc-algebra. 

(2.4.1) Definition. Let n > m > 1 fee integers and D £ RSk(A;n). We 
say that D is m-sparse if Di = whenever i ^ Nm. W^e say that D is weakly 
m-sparse if T nyqm D is m-sparse, where q = I . TTie set of m-sparse (resp. 
weakly m-sparse) Hasse-Schmidt derivations in HSfc(A;n) ™/Z fee denoted by 
KS™- sp (A;n) (res. US™- wsp (A;n)). 

The proof of the following proposition is easy and its proof is left up to the 
reader. 

(2.4.2) Proposition. Let n > m > 1 fee integers, q — I -2- J and r = n — am. 
TTie following properties hold: 

1) HS™ _sp (A;n) and HS™ _u,;ip (A; n) are subgroups ofHSk{A;n). 

2) For any D £ HSk(A; q) and any 5 = (S\, . . . , S r ) £ T)erk{A) r , the sequence 

m 2m <P*l qm + 1 „ 

Q(D,S) = (ld A ,0,...,0,D 1 ,0,...,0,D 2 ,0,...,0,D q , ft , . . . , S r ) 

is a weakly m-sparse Hasse-Schmidt derivation of A (over k) of length n 
and the map O : HSk(A;q) x Detk(A) r — > HS™ _u,sp (j4; n) is an isomor- 
phism of groups. 
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(2.4.3) Theorem. Let n > 1 be an integer. The following assertions hold: 

1) If n is odd and ldeik(A;q) = Derfc(A), with q = ^4^, then any D G 
HSfc(^4; n) with D\ = is (n + l)-integrable. 

2) If n is even and lderk(A;p) = Deik(A), with p = [hjI, then any D G 
HSfc(A; n) with D\ — is (n + l)-integrable. 

PROOF. 1) Since Di = we have 1 < 1(D) < n. If n = 1, then D is the 
identity and the result is clear. Assume n > 3 and so g > 2. Let us proceed 
by decreasing induction on 1(D). If 1(D) = n then D is the identity and the 
result is clear. Let m be an integer with 1 < m < n and suppose that any 
D' G RS k (A;n) with m + 1 < t(D') is (n + l)-integrable. Let D G HS fc (A;?i) 
be a Hasse-Schmidt derivation with £(D) = m, i.e. 

D = (Id A , 0, . . . , 0, D m+1 , . . . , D n ) with A„+i ^ 0. 



Since T n ^ m +\D is (m+l)-sparse, we can apply Proposition (2.4.2) 2) and deduce 



that D m+ \ is a derivation and so, by hypothesis, it must be g-integrable. Let 
E G HSk(A; q) be a g-integral of D m+ \. We have that q(m + 1) > 2q = n + 1 



and so F = r. 



q(m+l) 



n (E[m + 1]) is (n + l)-intcgrable, an (n + l)-integral being 
T q(m+i).n+i(E[m + 1]), and has the form 

m + 1 

F=(ld A ,0,...,0,D m+1 ,0,...,F n ). 

It is clear that for D' = F~ 1 oD we have D[ = ■■■ = D' m+1 = 0, and so 
i(D') > rn + 1. The induction hypothesis implies that D 1 is (n + l)-integrable 
and we conclude that D = FoD' is also (n + l)-integrable. 

2) If n = 2, then D = (Ma, 0, D 2 ) and obviously (LLi, 0, D 2 , 0) is a 3-integral of 
D. Assume that n is even > 4, and let us write n — 2q, q > 2, and n+1 = 3p + r 
with < r < 3, p > 1. Since r„3D is weakly 2-sparse, we deduce that £>3 must be 



a derivation (see Proposition (2.4.2) ) and so, by hypothesis, it is p-integrable. 



Let E 3 G HSk(A;p) be a p- integral of D 3 . It is clear that (see Proposition 



(2.4.2)1 



3p 



F 3 = (M A , 0, 0, E\ , 0, 0, El , 0, . . . , 0, E%, 0, 0) 



T 3p+2, 



,F 3 



is a (3p + 2)-integral of E 3 [3], and since 3p + 2 > n + 1, G 3 
(n + l)-integrable and (G 3 ) -1 oD has the form (Ha, 0, D 2 , 0, . . . ). 

Assume that we have found G 3 , G 5 , . . . , G 2s_1 G HSfe(A; n), all of them 
(n + l)-integrable, with 3 < 2s - 1 < n, such that (G 2 " -1 ) -1 o • • • o(G 3 )" 1 oL> 
has the form 



2 s 



D' = (M A , 0, D' 2 , 0, D' 4 , 0, . . . , 0, D' 2s , D' 2 



If 2s = n, we already have what we are looking for. If 2s < n, then D' 2t 



a derivation (see Proposition (2.4.2) ) and so, by hypothesis, it is p-integrable. 



Let E 2s+1 G RS k (A;p) be a p-integral of D' 2s+1 . Let us consider F 2s+1 
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E 2s+1 [2s + 1] e KS k (A;p(2s + 1)). Since p(2s + 1) > hp > 3p + 2 > n + 1, 
G 2s+1 := Tp^+^T 12 ^ 1 is (n + l)-integrable and (G 2s+1 ) _1 oD' has the form 



£>" = (M A , 0, Dg , 0, D'l 0, . . . , 0, £>£,, 0, D£ 



2s + 2 



ll 



s+2l ■ ■ 



D") 



We conclude with the existence of G 3 , G 5 , . . . , G n 1 e HSfc(A; n), all of them 
(n + l)-integrable, such that H = (ff'-^ ^oG^ 3 • • • o (G 3 )" 1 oD e HS fc (A; n) 
(n = 2q) is 2-sparse. From Proposition (2.4.2) again we deduce that H is 
(n + l)-integrable, and so D is also (n + l)-integrable. Q.E.D. 

(2.4.4) Definition. For each integer n > 1, let us define 



p{n) 



if n is odd 
L^Tp"! if n is even. 



Notice that p(n) < n for all n > 2. 

(2.4.5) Corollary. Letn> 1 be an integer, and assume that Iderfc(A; p(n)) = 
T)eVk(A). Then, for any n-integrable derivation 6 £ Ider/^A; n), the following 
properties are equivalent: 

(a) Any n-integral of S is (n + l)-integrable. 

(b) There is an n-integral of 5 which is (n + l)-integrable. 



Proof. Assume that E e HSk(A;n + 1) is an (n + l)-integral of S and let 
D £ HSfc(A; n) be any n-integral of 8. The 1-component of F = D o (t^i^E) -1 
vanishes and so, by Theorem (2.4.3)| F is (n + l)-integrable. We deduce that 
D = F oT n +i, n E is also (n + l)-intcgrable. Q.E.D. 



2.5 Algorithms 

Let k be a "computable" base ring k (for instance, any finitely generated 
extension of Z, Q or of any finite field), /i,...,/ p € A = fc[xi, . . . , x<j] and 
7 = (/i, . . . , / p ). The starting point is the computation of a system of genera- 
tors {5\...,S q } of Der fc (log7). 

The following algorithm decides whether the equality 

Der fe (log 7) L Ider fe (log 7; 2) Dcr fc (4/7) I Ider fe (A/7; 2)) 

is true or not, and if yes, returns a 2-integral for each generator of Derfc(log7). 



ALGORITHM-1: 



Step 1: For each j = 1, . . . , q, apply Corollary (2.1.13) as explained in remark 
(2.1.14) (1) to decide whether is 7-logaritmically 2-integrable or not, 
and if yes to compute a /-logarithmic 2-integral D^ 2 of 6* . 
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Step 2: (Y) If the answer in Step 1 is YES for all j = 1, . . . , q, then save the 
/-logarithmic 2-integrals D 1 ' 2 , . . . , D q ' 2 and answer "THE EQUALITY 
Der fe (log/) = Ider fe (log/;2) IS TRUE". 

(N) If the answer in step 1 is NOT for some j = 1, ... ,q, then answer 
"THE EQUALITY Der fc (log/) = Ider fc (log /; 2) IS FALSE". 

Assume that we have an ALGORITHM (N-l) to decide whether the equal- 
ity 

Der fc (log7) = Ider fe (log/; N) Dev k (A/I) I ldev k )A/I; N) 

is true or not, and if yes, to compute an A-integral for each generator of 
Der fc (log/). 

ALGORITHM-N: 

Step 1: Apply ALGORITHM-(N-l), and if the answer is NOT, then STOP 
and answer "THE EQUALITY Der fc (log/) = Ider fe (log/; N+l) IS FALSE" 
If the answer to ALGORITHM-(N-l) is YES, keep the computed I- 
logarithmic ^-integrals D 1,N , . . . , D q,N of S 1 , . . . , 8 q and go to step 2. 



Step 2: For each j = 1, . . . , q, apply Corollary (2.1.13) as explained in remark 
(2.1.14) (1) to decide whether D^ N is 7-logaritmically (N + l)-integrable 



or not, and if yes to compute a /-logarithmic (N + l)-integral D^ N+1 of 

D j,N 

Step 3: (Y) If the answer in Step 2 is YES for all j = l,...,q, then save 
the /-logarithmic (N+ l)-integrals £) 1 ' Ar+1 , . . . , D^ N+1 and answer "THE 
EQUALITY Der fe (log/) = Ider fe (log/; N + l) IS TRUE". 
(N) If the answer in Step 2 is NOT for some j — 1, . . . ,q, then answer 
"THE EQUALITY Der fc (log/) = Ider fc (log/; N+l) IS FALSE". 



Corollary (2.4.5) is the key point for the correctness of Step 3, (N). 



3 Examples and questions 

We have used Macaulay 2 [4] for the preliminary computations needed in the 
following examples. 

3.1 The cusp x 2 + y 3 in characteristic 2 or 3 

Let k be a base ring containing the field F p , p > 0, and / = x 2 + y 3 G R = 
k[x,y]. Let / = (/) and A = k[x, y]/I. The computation of Iderfc(A;oo) has 
been treated in [5], example 5. Here we are interested in the computation of 
ldeik(A; to), to > 2. 

Let start with p = 2. Then the Jacobian ideal of / is J = (y 2 , f) = (x 2 ,y 2 ). 



The module Derfc(logZ) is free with basis {d Xl fd y }. It is clear that fd v is 
/-logarithmically (oo-)integrable. Let g €E R be a polynomial. From Corollary 
(2.1.13)| we have that gd x is /-logarithmically 2-integrable if and only if g 2 G J. 
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Since {g e R \ g 2 e J} = (x,y), we deduce that {xd x ,yd x , fd y } is a system of 
generators of Ider^ (log J; 2) . 

The derivation xd x is the Euler vector field for the weights w(x) = 3, w(y) = 
2. From (2.2.5) we know that xd x is /-logarithmically (oo-)integrable. 

Let c G i? be an arbitrary polynomial and 6 = cyd x . A /-logarithmic 2- 
integral of 5 is determined by the fc-algebra map 

p(x, y)ER^p{x + cyt, y + c 2 t 2 ) + (t 3 ) G R 3 = R[[t])/(t 3 ). 

Since the coefficient of t 3 in f(x + cyt,y + c 2 t 2 ) is 0, we deduce that S is I- 
logarithmically 3-integrable and so Iderfc(log/; 3) = Iderfc(log/; 2). A generic 
/-logarithmic 2-integral of d is determined by the /c-algebra map 

p(x, y) eR^p(x + cyt + dt 2 , y - c 2 t 2 ) + (t 3 ) G R 3 , 

with d G R, and a generic /-logarithmic 3-integral of 8 is determined by the 
/c-algebra map 

p(x, y) E R*-> p(x + cyt + dt 2 + et 3 ,y + c 2 t 2 ) + (i 4 ) G #4, 

with d,e G /?. The coefficient of i 4 in /(a; + cyi + d< 2 + et 3 , y + c 2 t 2 ) is d 2 + yc 4 , 
and so, the following conditions are equivalent: 

(a) S is /-logarithmically 4-integrable. 

(b) There is a d £ R such that d 2 + yc 4 G J. 
The proof of the following lemma is easy: 

(3.1.1) Lemma. The set F := {c G R | 3d G /?, <i 2 + t/c 4 G J} is i/ie idea? 
generated by x,y. 

As a consequence of the lemma we deduce that {xd x , y 2 d x , fdy} is a system 
of generators of Ider^log/; 4). But y 2 d x is /-logarithmically (oo-)integrable 
after Proposition (2.2.1) and so 

Der fc L4) = (d~) 2 Ider fc (A;2) = ^d~ x ,y~d~ x ) = Ider fe (A;3) 2 
Ider fe (A;4) = (xb\,y 2 c\) =Ider fe (A;5) =••• = Ider fc (^; oo). 

In particular, we have 

ann A (Der fe (A)/ Ider fc (A; 2)) = (x,y) = V7 2 
ann A (Der fc (A)/Ider fe (A; oo)) = (x,y 2 ) 2 J = (x 2 ,y 2 ). 



Let us now compute the case p = 3. The Jacobian ideal of / is J = (x, /) = 
(x,y 3 ). In a similar way to the preceding case, we obtain that: 

-) Der fc (log/) = (fd x ,d y ). 

-) Since 2 is invertible in k we have Derfc(logZ) = Idert;(log/; 2). 
-) Ider fc (log/;3) = (xd y ,yd y ,fd x ). 
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-) Ider fc (log/;3) = Ider fc (log/; oo). 

-) Bcv k (A) = (d~ y ) = Ider fe (A;2) 2 Ider fe (^;3) = {^,Wy) = Ider fe (A;4) = 
■•• = Ider fc (A;oo) and aim A (Der k (A)/ Ider fc (A; oo)) = (x,y) = y/JA/k- 

Let us notice that for the cusp in characteristics ^ 2, 3 we can apply Propo- 



sition 



(2.2.6) and obtain that any derivation is integrable. 



3.2 The cusp x 2 + y 3 over the integers 

Assume that k = Z and / = x 2 + y 3 E R = Z[x,y\. Let / = (/) and A — 
Z[x,y]/I. The Jacobian ideal of / is J = (2x,3y 2 ,'f) = (2x, 3y 2 , x 2 , y 3 ). The 
/-logarithmic derivations of R are generated by Si — 3xd x + 2yd y , 82 — 3y 2 d x — 
2xd y , fd x and fd y . The first derivation Si is the Euler vector field for the 
weights w(x) — 3,w(y) — 2. As in 13.11 Si is /-logarithmically integrable. For 
the second derivation 82, we apply Proposition (2.2.1) and we deduce that it 
is also /-logarithmically integrable. So this is an example of a non-smooth 
Z-algcbra A for which any derivation is integrable. 



3.3 The cusp 3x 2 + 2y 3 over the integers 

Assume that k = Z and / = 3x 2 + 2y 3 € R = Z[x,y]. Let / = (/) and 
A = Z[x, y]/I. The Jacobian ideal of / is J = (6x, 6y 2 , f) = (6x, 6y 2 , ix 2 ,2y 3 ). 
The /-logarithmic derivations of R are generated by Si = 3xd x + 2yd y and 
S2 = —y 2 d x +xd y , which in fact form a basis (we can say that "/ is a free divisor" 
of R). As in 13.11 Si is the Euler vector field for the weights w(x) = 3,w(y) = 2 
and so it is /-logarithmically integrable. 

Let us study the integrability of 0,82, a £ R. The coefficient of t 2 in f(x — 
ay 2 t,y + axt) is a 2 (3y 4 + 6x 2 y). Since 6a; 2 € J, this coefficient belongs to J if 
and only if 3a 2 y 4 € J, i.e. a 2 E J : 3y 4 . 

(3.3.1) Lemma. 

(a) J:3y 4 = (2,x 2 ). 

(b) {a E R \ a 2 E (2,x 2 )} = {2,x). 



(3.3.2) COROLLARY. The R-module Ider z (log/; 2) is generated by {Si, 2S 2 , xS 2 } 
and so ann^ (Derz(^4)/Iderz(^4; 2)) = (2,x). 

Let us study the 3-integrability of 

(2b + cx)5 2 = -y 2 {2b + cx)d x + (2b + cx)xd y , b,cE R. 

Let us write a = 2b+cx. The coefficient of t 2 in f(x—y 2 (2b+cx)t, y+(2b+cx)xt) 
is A(2y 3 )+B(3x 2 ) with A = 6b(b+cx)y, B = c 2 y 4 +2a 2 y, which can be expressed 
as 

(A - B)xf' x + (A- B)yf y + (3/3 - 2A)f. 
Hence, the coefficient of t 2 in 

f(x - y 2 (2b + cx)t +(B - A)xt 2 ,y + (2b + cx)xt + (B - A)yt 2 ) 
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is (3-B — 2A)f and the reduction mod t 3 of the Z- algebra map 

f (2) :p{x,y) G Rh-t p(x-y 2 (2b+cx)t+(B-A)xt 2 ,y+(2b+cx)xt+(B-A)yt 2 ) G R[ 

is /-logarithmic and gives rise to a /-logarithmic 2-integral of a&2- So, the 
reduction mod t 3 of the Z- algebra map : R — > R[[t]] given by 

x i y x - y 2 (2b + cx)t + [(B - A)x + 3dx - ey 2 ]t 2 , 
y i ^ y + (2b + cx)xt + [{B - A)y + 2dy + ex]t 2 

is the associated map to a generic /-logarithmic 2-integral of ao~2. Moreover, the 
coefficient of t 2 in ¥ 2 \f) is (3B -2A + 6d)f. 

The coefficient of t 3 in *g 2) (/) is 6x 2 y 6 c 3 + I2xy 6 bc 2 + 1 2x i y 3 c 3 +36x 3 y 3 bc 2 + 
2x 6 c 3 + 36x 2 y 3 b 2 c + I2x 5 bc 2 + 2Axy 3 b 3 + 24x i b 2 c + 6xy i ce + 16x 3 b 3 + 6x 2 y 2 cd + 
12y 4 be + \2x 3 yce + \2xy 2 bd + 2Ax 2 ybe, and it belongs to J if and only if 

2x 6 c 3 + I6x 3 o 3 eJ« x 3 c 3 + 8b 3 G (J : 2x 3 ). 

(3.3.3) Lemma. With the above notations, the following assertions hold: 

(a) J :2x 3 = (3,y 3 ). 

(b) x 3 c 3 + 8b 3 £ (J : 2x 3 ) <s> a 3 G ( J : 2x 3 ) a G (3,y). 

(3.3.4) Corollary. /Tie I -logarithmic derivation ao~2 is I -logarithmically 3- 
integrable if and only if a G (2, x) (1 (3, y) = (6, 3x, 2y, xy), and so i/ie R-module 
Iderz(log /; 3) is generated by {Si, 6S2, 3xo~2, 2yo2, xyo^} cmd 

ann A (Der z (A)/ Ider z (A; 3)) = (2,x)n(3,y), 
ann A (Der z (A; 2)/ Ider z (A; 3)) = (3,y). 



The following lemma cannot be deduced directly from Proposition (2.2. f) 
Its proof proceeds by induction and it is left up to the reader. 

(3.3.5) Lemma. Let a £ (2,x) n (3,y). There are sequences ai,bi G R, i > 2, 
smc/i tta< the TL-algebra map 

(00 00 \ 

x - ay 2 t + ^2 ait 1 , y + axt + htf € /?[[*]] 
i=2 i=2 / 

zs I -logarithmic, i.e. G /?[[£]]/. 

(3.3.6) Corollary. We /iave 

Ider z (A; 3) = Ider z (A; 4) = • • • = Idcr z (A), 

and so 

ann A (Der z (A)/ Ider z (A)) = (2,3:) n (3,y) D ^J^=(3x,2y). 



The following two examples have been proposed by Herwig Hauser. 
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3.4 The surface x\ + xAxi + x 2 ) 2 



in characteristic 2 



Let k be a field of characteristic 2, / = x 2 + Xi(a;x + a^) 2 € R = k[x%, x%, X3], 
I = (/) and A = R/I. The Jacobian ideal is J = (I 2 ,/) = (£ 2 ,x 2 3 ) with 
£ = xi + x%, and \/j = £3). A system of generators of Derfc(logi) mod. 
/Der fe (i?) is {d 2 ,8 3 }. 



(3.4.1) Lemma. Let a, ft € R and 8 = ad 2 
are equivalent: 

(a) S is I -logarithmically 2-integrable. 

(b) xxa 2 +f3 2 e J. 

(3.4.2) Lemma. The module {(ot,0) € R 2 \ 
(x 3 ,0),(£,0),(0,x 3 ),(0,£). 



(383. The following conditions 



XiOt 2 + /3 2 £ J} is generated by 



(3.4.3) COROLLARY. A system of generators o/Ider fc (log /; 2) mod /Der fe (i?) 
is {x 3 d 2 ,£d 2 ,x 3 d 3 ,£d 3 }. 

(3.4.4) Proposition. Ider fc (A; 2) = Ider fe (A). 

Proof. We need to prove that x 3 d 2 , £d 2 , x 3 d 3 , £d 3 are /-logarithmically inte- 
grable. 

The derivation x 3 d 3 is the Euler vector field for the weights w(x\) = w(x 2 ) = 
2,w(x 3 ) = 3. From (2.2.5) we deduce that £393 is /-logarithmically integrable. 



The derivation £d 3 is /-logarithmically integrable since f(xi +t 2 , x 2 +t 2 ,x 3 + 
£t) = ■ ■ ■ = f 6 R[t] C R[[i\] and so a /-logarithmic integral of £d 3 is given by 
the fc-algebra map R — > R[[i\] determined by 

X\ I \ X\ ~\~ t 2 , X 2 x 2 + t 2 , X 3 l-> x 3 + it. 



X t 

For the derivation x 3 d 2 let us write W(t) = 1 ^} x t ^ € (^ 2 )^[M] an d consider 
the homomorphism of A:- algebras $ : R —¥ R[[t]] given by: 

x\ i->- x\ + W(t), x 2 i-> x 2 + x 3 t + W(t), x 3 ^x 3 . 

We have *(/) = f(xt + W, x 2 + x 3 t + W, x 3 ) = ■ ■ ■ = h,*^ ) f and so * gives 
rise to a /-logarithmic integral of x 3 d 2 . 

For the derivation £d 2 let us write V(i) — f 1 ^ € (f 2 )/?[[t]] and consider the 
homomorphism of fc-algebras VP : R — > R[[i\] given by: 

Xi i->- xi + V(t), x 2 i-> x 2 + It + V(t), x 3 1 } x 3 . 

We have &(f) = f(x\ + V, x 2 + £t + V, x 3 ) =••• = / and so ^ gives rise to a 
/-logarithmic integral of £d 2 . Q.E.D. 

In this example the descending chain of modules of integrable derivations 
stabilizes from N = 2: 

Der k (A) = Ider fe (A; 1) D lder k {A; 2) = Idcr fe (A; 3) = • • • = Ider fc (A; 00) 

and _ 

amu (Der fe (A)/Ider fc (A;oo)) = (£,x 3 ) = VJ/J. 
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3.5 The surface x\ + x\X 2 (xi + x 2 ) 2 = in characteristic 2 

Let k be a field of characteristic 2, / = x\ + Xix 2 (xi + x 2 ) 2 G R = fc[xi, x 2 , X3], 
7= (/) and^ = i?/J. The Jacobian ideal is J = (x 2 £ 2 , xi£ 2 , /) = (x 2 ^ 2 , x^ 2 , x§) 
with £ = x\ + x 2 . It is clear that >/j = (i,xs). The module Der/^log/) is 
generated mod. /Derfc(i2) by ^3, e = Xi9i 4- x 2 <9 2 and r\ = x\£ 2 8\ + x\8 2 
(93(f) = e(f) = 0, /?(/) = xi£ 2 f). Since £ is the Euler vector field for the 



weights w(xi) = w(x 2 ) = l,iu(x3) = 2, we deduce from (2.2.5) that e is 7 



logarithmically integrable. From Proposition (2.2.1) we also deduce that 77 is 
/-logarithmically integrable. 

To find a system of generators of Iderfe(log7; 2) we need the conditions on 
a G R which guarantee that 083 is /-logarithmically 2-integrable. The coefficient 
of t 2 in /(xi,x 2 ,X3 + at) = f + a 2 t 2 is a 2 , and so 083 is /-logarithmically 2- 
integrable if and only if a 2 G J. 

(3.5.1) Lemma, {a G i?|a 2 G J} = (x 3 , X\l, x 2 £). 

(3.5.2) Corollary. A system of generators of Ideik(logI;2) mod. fDerk(R) 
is {X393, xiidz, x 2 £c?3, e, r/}. In particular we have 

amu (Der fc (^)/Ider fe (yl;2)) = (xi, x^l, xiTj . 



The following lemma is a very particular case of a general result. 

(3.5.3) Lemma. Any H as se- Schmidt derivation E G HSfc(A; 2) is 3- integrable. 

Proof. Since 3 is invertible in k, we can consider the differential operator £3 = 
E1E2 — ?jEf and check that (Ha, E\, E2, E3) is a Hasse-Schmidt derivation. 
Q.E.D. 

As a consequence of the above lemma we have Ideik(A; 2) = lderk(A; 3). 

Let us see the conditions for 083, with a = 01x3 + j3x\£ + jx 2 £, a, /3, 7 G R, 
to be /-logarithmically 4-integrable. The algebra map associated with a general 
/-logarithmic 3-integral of 083 is : R—> R3 given by: 

xi 1 ^ xi + (a 2 xi + 7 2 x 2 + SiX! + Cix 2 ^ 2 )i 2 + (B 2 xi + C 2 x 2 ^ 2 )i 3 , 
x 2 h-> x 2 + (/J 2 xi+ J Bix 2 + Cix 2 )t 2 + ( J B 2 x 2 + C 2 x 2 )i 3 , 
x 3 1 ^ x 3 + (ax 3 + ^xi£ + jx 2 £)t + Ait 2 + A 2 t 3 

with A 2 , B 2 , C 2 G /?, and let *^ 4) : /? -> i? 4 be the obvious lifting of *( 3 \ The 
coefficient mod J of rj 4 in the expression of VPg 4 ^/), is xix 2 (a + /3 + 7)* + A\. 
So, we have proved the following lemma. 

(3.5.4) Lemma. With the above notations, the following assertions are equiv- 
alent: 

(a) The logarithmic derivation 083, with a — aX3-\-f3x\£-\-^x 2 £, is I -logarithmically 
^-integrable. 

(b) There is A\ G R such that XxX 2 (q; + ft + 7) 4 + A 2 E J, or, equivalently, 
xix 3 ! (a + /3 + 7) 4 G J + R 2 . 
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(3.5.5) Lemma. We have {(p £ R | x x x\^ £ J + R 2 } = (x 3 ,£). 

PROOF. Let us write 21 = {(p £ R \ xix 2 tp 4 £ J + R 2 }. It is clear that 
xs,£ £ 21, since x\ £ J and x\x 2 £ A £ J. Let ip be an element in 21 and let us 
write ip = qx3 + ipi(xi,X2), with q £ R and ipi(xi,x 2 ) £ 21. We have 

Xix^ipf = U(xi,x 2 )xi£ 2 + V(xi,x 2 )x 2 £ 2 + P(xi,x 2 ) 2 . 

By taking derivatives with respect to x\ we obtain x\\p\ = U' Xi x\( 2 + U£ 2 + 
V Xl x 2 £ 2 and so £ divides ipi. We conclude that 21 = (2:3, £). Q.E.D. 

As a consequence of the above lemma and the fact that (2:3 , 1) is a prime 
ideal, the condition xix 2 (a + (3 + j) 4 £ J+R 2 is equivalent to a + (3 + j £ (x 3} £), 
i.e. to a = 011X3 + a 2 £ + (3 + 7 and so a = ■ ■ ■ = aix 2 + a 2 x^£ + (3(xs + X\£) + 
7(^3 + x 2 £). We conclude with the following corollary. 

(3.5.6) Corollary. A system of generators o/Ider^log /; 4) mod /Der^i?) 
is {x 2 d 3l X3£&3, (x3 + xi£)&3, (x3 + x 2 £)d3, e, rf\. In particular we have 

ann A (Der fe (A)/Ider fc (A;2)) = {x^,xf£,xf£), 
ann^ (Der fe (A)/Ider fc (A;4)) = {xf .x^l .,x^ + x^l ,x^ + x(£), 
ann^ (Ider fc (A; 2)/ Ider fe (A; 4)) = (x^,l) 

and all the inclusions 

JA/k C {x^ 2 ,^!,^ +x^£,X3~ + xT£) C (x^,x 2 j £,'xj1) C (X3~,£) = ^ J A /k 

are strict. 

From Proposition (2.2.1) we deduce that x\&3 is /-logarithmically integrable. 



(3.5.7) Lemma. The derivation x^ids is I -logarithmically integrable. 

PROOF. Let us write S = x 3 £d 3 and D — (a; 3 £)» A^ 3 ). We have $d(/) = 
/ + {x 3 £) 2 t 2 and (x 3 £) 2 = f' x J' X2 + £ 2 f = x x x 2 t + £ 2 f. Let us also write 
S = k[x u x 2 ] and b = (f Xl J X2 ) = (x 2 £ 2 ,x x l 2 ) C S. 

We are going to construct inductively a sequence of differential operators 
E™ £ bDiff s/fe , m > 1, with E\ = 0, E 2 (f) = Xl x 2 £ 4 , E™(f) = for all m > 3 
and such that (Id, El,E 2 ,E 3 , . . .) is a Hasse-Schmidt derivation of length 00. 

For m — 2, let us take E 2 = f' x J5\- 

Assume that we have already found a Hasse-Schmidt derivation E m = 
(Id, E\ , . . . , £™) £ HSfc(5;m) with the required properties. Let us consider 



F m = e(E m ) £ HS fc (S;oo). From Proposition |(1.3.1)[ 2) we deduce that 
fs/fc and so 



Fm+i G b 2 Diff s / fc and so F™ +1 (/) £ b 2 . Hence, there are a, (3 £ b such 



that F™ +1 (f) = af Xi + j3f' Xo and consequently we can take E™\\ = F™ +1 - 
(adi+/3d 2 ) 

Once the Hasse-Schmidt derivation E = (Id, 0, E$, S|, . . . ) £ HSfc(5;oo) 
has been constructed, we extend it in the obvious way to the ring R (we keep 
the same name E for the extension). We have $d _e(/) = ®D(&E(f)) — 
$d (/ + x lX2 lH 2 ) = $£,(/) + ^ D (x 1 x 2 £ i )t 2 = f + (x 3 £) 2 t 2 + X lX2 £H 2 = (1 + 
£ 2 t 2 )f and so Do E is a /-logarithmic integral of 5. Q.E.D. 

The proof of the following lemma is due to M. Merida. 
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(3.5.8) Lemma. The derivations (x 3 +xi£)d 3 and (x 3 +X2l)d 3 are I -logarithmically 
integrable. 

Proof. By symmetry, it is enough to consider the case (x 3 + X\l)d 3 , for 
which the logarithmic integrability is a consequence of the fact that the map 
* : R -> R[[t}} given by: 

x\ i y x\ + x\V, 

x 2 X 2 + XiV, 

X 3 H' £3 + { x 3 + X\€)t + X 3 V, 

00 

with V = 2_, t 2 > i s /-logarithmic. Namely, since i 2 = U 2 + V", we have 

/(xi + ajiV, x 2 + xiV, x 3 + (x 3 + x\l)t + x 3 V) = 
(x 3 + (x 3 + xit)t + x 3 V) 2 + (xi + x 1 V)(x 2 + x x V)l 2 = 
x\ + (xj + x\l 2 )t 2 + x\V 2 + {x\xi + x\V + xix 2 V + x\V 2 )l 2 = 
x% + ( x i + x\l 2 )t 2 + x\V 2 + (xxx 2 + x\t 2 + x lX 2V)e 2 = 
x\ + x\t 2 + x 2 3 V 2 + (xxx 2 + x lX 2V)£ 2 = f + x\t 2 + x\V 2 + x lX2 Vl 2 = 
f + x 2 V + x x x 2 Vl 2 = (1 + V)/. 

Q.E.D. 

(3.5.9) Corollary. Ider fc ( A; 4) = lder k (A) . 



3.6 Some questions 



(3.6.1) Question. Assume that R = k[xi, . . . ,Xd], S C R is a multiplicative 
set and A = S~ X R or A — k[[xi, . . . , Xd]]- Let / C A be an ideal, m > 1 an 
integer, D e HSfe(log/;m) and E = D 6 RSk(A/I;m). Let us consider the 
following properties: 

(a) D is /-logarithmically n-integrable for all integers n > m (or equivalently, 
E is n- integrable for all integers n > m). 

(b) D is /-logarithmically oo-integrable (or equivalently E is oo-integrable). 

Under which hypotheses on k and on / are properties (a) and (b) equivalent for 
any D g HSfe(log /; m)? Are they equivalent if k is a field or the ring of integers 
and / is arbitrary? 

Notice that this question is the same as asking whether the inclusion in [3] 
(or in [T] for m — 1) is an equality or not. 



(3.6.2) Question. The proofs of propositions (2.3.2) and (2.3.3) do not work 
for m — 00 and, presumably, these propositions are not true for m — 00 without 
additional finiteness hypotheses on k. Let us notice that if the maps in Propo- 



sition (2.3.3) are surjective for m = 00, then the localization conjecture for the 



Hasse-Schmidt algebra stated in [16] is true. 
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(3.6.3) Question. For any finitely presented /c-algebra A, find an algorithm 
for deciding whether a given S 6 Der k{A) is m-integrable or not. 

(3.6.4) Question. For any finitely presented fc-algebra A, find an algorithm 
to obtain a system of generators of Ider/ C (A; m), m > 2. 

(3.6.5) Question. Assume that the base ring A; is a field of positive character- 
istic or Z, or perhaps a more general noetherian ring, and A a finitely generated 
fc-algebra. Is there an integer n > 1 such that ldeik(A;n) = Iderfc(A;oo)? 
Or at least, is the descending chain of A-modules ldeik(A; 1) D ldeik(A;2) D 
Iderk{A; 3) D ■ ■ ■ stationary? 

(3.6.6) Question. Assume that the base ring k is a field of positive char- 
acteristic or Z, or perhaps a more general noetherian ring. Is there an integer 
m 1, possibly depending on d and e or other numerical invariants, such that 

Ider k (A;m) = Der fc (A) => Ider fc (A) = Dcr fc (A) 

for every quotient ring A = k[x\, . . . ,Xd]/I with dim A = e? 

(3.6.7) Question. Assume that the base ring k is a field of positive charac- 
teristic or Z, or perhaps a more general noetherian ring, A a local noetherian 
fc-algebra and 5 : A — > A a fc-derivation. Under which hypotheses the m- 
integrability of (5 : A — > A implies the m-integrability of <5? 
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